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Buckling, Postbuckling, and Crippling
of Shallow-Curved Composite Plates with Edge Stiffeners
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A theoretical/analytical capability for prediction of buckling, postbuckling, and crippling of metal and
composite shallow-curved plates is presented. The theoretical model accounts for both geometric and material
nonlinearities. The composite material formulation is valid for anisotropic lamina with the fundamental non-
linear behavior described by Ramberg-Osgood lamina and matrix stress-strain relations. Transverse shear ef-
fects are also included. Correlations with available conventional metal and composite plate experimental data

confirm the accuracy of the present approach.

Nomenclature

A, =stiffener cross-sectional area

a,b1s-.. =arbitrary interlaminar shear coefficients

b =plate width

b, =stiffener spacing

D = plate bending stiffness

e =prescribed end-shortening per unit length

€ =end-shortening per unit length at buckling

€er, = end-shortening per unit length at buckling
for a flat plate

e, f8i =arbitrary displacement coefficients

h,t = laminate thickness

Ry = arbitrary membrane stress coefficients

A =stiffener equivalent torsional rigidity

k =kth lamina

L =plate length

m,n =number of half-buckle wavelengths in x,y
directions, respectively

N =total number of lamina

N, =buckling load

R =panel radius

S9,80,...  =stiffness ratio factors

u,v =membrane displacement functions in x,y
directions, respectively

Uy, Uy =median surface in-plane displacements of
kth lamina

w = lateral displacement function

X, 0,2 =plate coordinates (see Fig. 1)

VA =nondimensional curvature parameter,

=(b2/RH)N1—»?
o =parameter defined by Eq. (11)
p =distance from plate midsurface to stiffener

center of rotation

Presented as Paper 85-0769 at the AIAA/ASME/ASCE/AHS
26th Structures, Structural Dynamics and Materials Conference,
Orlando, FL, April 15-17, 1985; received July 1, 1986; revision
received Jan. 20, 1986. Copyright © American Institute of Aero-
nautics and Astronautics, Inc., 1986. All rights reserved.

*Principal Engineer. Member AIAA.

tAssociate Professor, Department of Aeronautical Engineering.

tProfessor Emeritus. Associate Fellow AIAA.

=median surface extensional stresses of kth
lamina in plate coordinates

Ty =median surface shearing stresses of the kth

lamina in plate coordinates

Ter Oy

Tyaps Tox, =interlaminar shearing stresses of kth matrix
layer

Subscripts

e = linear-elastic materials

P =plastic materials

Introduction

OR the past 60 years or so, aerospace vehicle structures

have been typified by all-metal, thin-walled, sheet-
stringer construction primarily of aluminum, and to a much
lesser degree, steel and titanium. Such vehicles, with
aluminum accounting for as much as 80% of airframe
material distribution, have covered a spectrum from sub-
sonic conventional aircraft and helicopters to supersonic
transports, military aircraft, and missiles. Even the Space
Shuttle, devoid of its external surface thermal protection
system, fits the typical definition.

More recently, specifically in the last two decades, interest
has centered on nonmetallics for flight vehicle structure.
Most attractive have been the advanced composites of resin
epoxy reinforced by filaments of either boron, graphite, or
aramid (Kevlar) due, mainly, to their potential for creating
significant weight savings relative to the metals. Only in
serendipitous fashion have significant reductions in vehicle
production costs surfaced. The potential for both weight and
production cost-savings have been all the more inviting dur-
ing a period in which fuel costs have risen by about an order
of magnitude.

Unfortunately, despite initial appearance in the early
1960s, the advanced composites have seen neither widespread
application nor fulfillment of the weight-savings potential
and spectacular returns originally forecast in the 1960s.!?
With regard to application, most has occurred in secondary
structure of commercial and military aircraft and, to an in-
creasing degree, in primary structure of the latter. Only very
recently has extensive use of composites been noted in
primary structure of a number of advanced helicopter
designs. Optimistic projections of composite-material usage
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in advanced technology transports and military aircraft of
the 1990s still provide for significant amounts of aluminum,
ranging from a low of 20% (transports) to a high of 50%
(military aircraft), and up to as much as 15% each of steel
and titanium.34

The basic concerns regarding widespread application of
composites for primary structure continue to focus on cost,
confidence, and complexity. These concerns are exacerbated
by the absence of a research and development base com-
parable to that underlying the existing status of aluminum
technology in particular and the other structural metals in
general, and because, traditionally, either new concepts or
research results require several decades to mature to wide-
spread application. In commercial transports, introduction
of fleet components has been postponed to the latter 1980s
for empennage stabilizers, the 1990s for wings, and the turn
of the century for fuselages. Meanwhile, only derivatives of
existing designs can be expected as gains in efficiency are
sought. NASA-industry attempts to design, fabricate, and
test empennage primary structures of advanced composites
for commercial aircraft such as the DC-10, L-1011, and 737
have evidenced premature failures during development. And,
as a direct result, more widespread attention has been
directed to the nonlinear nature of composite stress-strain
curves and the susceptibility of composite materials to failure
in interlaminar tension and shear. In military aircraft, the
derated use of composites in primary structure has kept the
requirements for aluminum, titanium, and steel close to
previous levels in general.

Overall, the restricted use of composites has precluded
achievement of the spectacular returns expected no later than
the late 1970’s.> It should not go unnoticed, also, that
continuing metallurgical developments with new aluminum
alloys to replace 2024-T3 and 7075-T6 have achieved gains in
strength and stiffness on the order of 20%, a density reduc-
tion on the order of 10%, and an increased temperature-
range tolerance.® It is of interest that aluminum-lithium
material, if available, has been proposed for use in the Boe-
ing 747-300 and the McDonnell Douglas MD-89. Thus,
pending the development of metal-matrix composites,
tradeoff studies aimed at demonstrating weight savings when
substituting epoxy matrix composite materials into baseline
aluminum designs are no longer expected to be as optimistic.
Furthermore, it cannot be overlooked that introduction of
more efficient aluminum alloys requires neither major
changes in tooling and manufacturing processes nor the
retraining of aircraft maintenance and repair personnel.

Whether the vehicle is fabricated of either metal or com-
posite, or a combination of both, it still retains the same
basic structural elements. The nature of stressed-skin con-
struction is such that the typical surface element is normally
a shallow-curved plate of rectangular planform bounded on

all four edges by stiffening members. The stiffening members,

viewed across a number of successive elements, can be either
discretely or closely spaced. In the first case, under com-
pressive loading, local buckling of the skin can be expected to
occur prior to crippling of the stiffener/effective-skin com-
bination. In the latter case, the closely spaced stiffened plate is
designed for local buckling of the skin and stiffeners and
general instability of the configuration to occur simulta-
neously (ultimate load). Although the latter situation is often
used in design to create the so-called minimum-weight con-
figuration, a question remains as to whether the ‘‘minimum-
weight’’ design can be rated most efficient for the relatively
light load intensities found in fuselage structure of transports
and helicopters and empennage structures of transports.

Results encompassing a wide variety of boundary condi-
tions exist for estimating the effective width of buckled metal
skin acting with the stiffeners for both flat and shallow-
curved plates.”!” Discussions of effective width and post-
buckling strength of plates as well as summaries of the most
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commonly used effective-width criteria appear in Refs. 18
and 19. However, all referenced data are based on either
linear-elastic analysis or the fitting of relations to empirical
results, both of which are questionable procedures for under-
standing elastoplastic postbuckling behavior to the crippling-
load level of nonlinear materials such as conventional metals
and advanced composites. No widely accepted, theoretically
derived criterion, either government-agency or industry-
generated, exists for determining the effective width of
buckled skin in conventional metals and composite flat and
shallow-curved plates. Nevertheless, it has been demon-
strated that accurate predictions of both crippling and effec-
tive width are achievable by theoretical elastoplastic analysis,
at least for flat and shallow-curved metal plates?®?! and flat
composite plates.?223

Initial analysis of the postbuckling behavior of linear-
elastic, isotropic shallow-curved plates can be traced to
Levy.?* Subsequent contributions of note are surveyed by
Yoo0.2! In all instances, the results are restricted to isotropic
plates which operate in the linear-elastic range. Materially
nonlinear postbuckling of both flat and curved, conventional
and composite plates has been investigated by Mayers et al.
over a period spanning several decades.??® The results, par-
ticularly those which have been correlated to the applicable
and available experimental data reported in Refs. 29-37, in-
dicate the accurately predictable load-carrying capability of
postbuckled plates in the elastoplastic range and the re-
markable similarity between the behavior of conventional
metal and advanced composite configurations through buck-
ling, postbuckling, and crippling. The most recent research,
that of Arnold, the details of which are reported in Ref. 38
and summarized by Arnold and Mayers in Ref. 23, when
combined with the study by Yoo0,%! provides the mechanism
for investigating herein the compressive buckling, post-
buckling, and crippling of shallow-curved composite panels
with stiffeners supplying any degree of torsional restraint
along sheet-stringer attachment lines.

Results for both conventional metal and composite
shallow-curved plates are presented. The composite plate
model is sufficiently general to include the conventional
metal plate as a special case. Thus, the qualitative results of
Yoo?!' are readily recovered; the original quantitative results
are closely verified in general but improved in some instances
by the inclusion of relatively more stringent convergence
criteria. Since load-shortening curves are produced for the
initial-buckling-to-crippling range, a readily available by-
product of the computational process is the effective-width
history of the buckled skin throughout the loading process.
The effective width is least at crippling and, hence, the use
of effective-width estimates made on the basis of linear-
elastic analysis are unconservative. As a result, stiffened
panels designed by the minimum-weight procedure can be ex-
pected to fail in test sooner than predicted, even in the
absence of local-buckling-mode interaction precipitated by
invariably present initial imperfections, including pre-
buckling-process nonlinearities. Indeed, the realism of the
“minimum-weight’> approach has been questioned by
Koiter®® and others.

In summary, the present work, an extension of earlier
work undertaken by Yoo?! and Arnold and Mayers,? unifies
the treatment of the buckling, postbuckling, and crippling of
edge-stiffened conventional metal and laminated composite
plates of ecither flat or shallow-curved geometry. In addition,
through correlation with experimental results available in the
literature, the theory and analysis procedure are justified to
the extent that a tool can be considered to exist for use in the
preliminary design process. Of importance is the fact that
costly and time-consuming effort inherent in the design and
test. of complex structures/materials combinations, specifi-
cally arbitrarily angle-plied and stacked composites, can be
reduced to a computational exercise, with a requirement to
test only a very limited number of specimens for verification.
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With the structural mechanics well established, solutions for
loading in both shear and combined shear and compression
are within reach.

Theory
Problem Statement and Basic Assumptions

The problem being studied is the buckling, postbuckling,
and crippling of shallow-curved composite plates with edge
stiffeners. A typical example of this basic structural element
is shown in Fig. 1 for either metal or composite-material
construction. For purpose of demonstrating a solution, the
theoretical model is restricted to edge stiffening which per-
mits only extensional and torsional deformation of the stiff-
eners to take place.

The primary objective of this effort is to investigate both
the effects of curvature in the plate and torsional and axial
rigidity of the edge stiffeners on the elastic buckling and
elastoplastic postbuckling of the plate. The model is valid up
to a point at which the maximum strength of the plate is
reached, whereupon the crippling of the plate governs the
ultimate failure load.

The load is assumed to be one corresponding to a uniform
end shortening. Loaded edges are assumed to be simply sup-
ported; the unloaded edges are constrained to remain
straight although they are free to translate in the x-y surface.

The plate consists of N homogeneous and materially
nonlinear anisotropic laminae with each lamina having thick-
ness #, . Each element of a lamina midsurface can undergo
three translations, two in-plane displacements, u, and v,
(k=1,2,...,N), and a lateral displacement, w, which is com-
mon to all laminae. The stresses oy, o, , and 7,, are as-
sumed constant through the thickness of each laminae. The
bending stiffness of an individual lamina is assumed negligi-
ble compared wo that of the laminate; i.e., lamina are assumed
to behave as membranes. Consequently, transverse shear
effects are accommodated by permitting relative movement
between the median planes of adjacent laminae. The matrix
material between adjacent laminae is assumed to carry all of
the transverse shear in the x-y and z-x planes. The normal
stress (o,) is taken to be negligible in comparison with the
other interlaminar stresses (7, 7.,) for the composite plates
considered herein; namely, those that buckle in the linear-
elastic range and become nonlinear elastic in the postbuck-
ling range. This particular model for the laminated plate was
advanced by Anderson and Mayers? in an earlier work con-
cerned with the application of a modified version of
Reissner’s variational principle to the analysis of nonlinear
composite-material plates undergoing postbuckling.

In an earlier effort by Yoo0,?! a model for isotropic,
shallow-curved plates was developed and applied to the
prediction of plate crippling under axial compression. This
model provides a convenient reference point for the
laminated model used in the present investigation. Yoo’s
model uses a two-element, isotropic, rigid core sandwich-
plate model first introduced by Mayers and Budiansky? for
analyzing the elastoplastic postbuckling behavior of isotropic
flat plates. Transverse shear effects are automatically excluded
from the work of Yoo, inasmuch as the model uses the
Kirchoff-Love hypothesis in the derivation of the strain-dis-
placement relations. .

The stiffeners are assumed to be sturdy in that local in-
stability of stiffeners is not considered prior to crippling of
the plate. Furthermore, only the torsional and extensional
stiffnesses of the stiffeners are assumed to be present. As a
consequence, the cross-sectional shape of the stiffener re-
mains unchanged throughout the loading process. Also,
mutual rotation of the stiffener and plate element is assumed
to occur along lines of attachment. Stiffener eccentricity and
shear-lag effects are neglected. For the composite stiffener,
classical lamination theory is used to calculate the ap-
propriate extensional and torsional stiffnesses. A complete
presentation of the underlying theory can be found in Refs.
21-23 wherein the Reissner Variational Theorem® is used.
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Method of Solution

The modified Reissner functional developed in Refs. 20-23
can be expressed in vector-matrix notation in which the
variational quantities of displacement and stress are, in turn,
expressed as a series of suitable distribution functions, each
term multipled by an amplitude of unknown magnitude. The
mechanics of this approach are discussed in Ref. 41. When
the modified Reissner functional is expressed in vector-
matrix form and the first variation is performed, a set of ten
simultaneous, nonlinear, integral equations is obtained. The
solution of these equations for a specific set of assumed dis-
placement and stress spatial distributional functions is made
possible by applying the Newton-Raphson iterative-solution
technique. By expanding the set of simultaneous equations in
a Taylor series, it is possible to obtain another set of ten
simultaneous, linear, integral vector-matrix equations which
contain the final equations of the generalized solution pro-
cedure. For this particular problem, the following displace-
ment and stress functions are chosen:
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Fig. 1 Stiffened panel geometry.
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where
a=0 for Z—0 (flat plate; shallow-curved square plate)
and

a=1 for Z#0 (shallow-curved long plate) 11

Functions for the out-of-plane displacement, the plate
membrane and bending stresses, and the stiffener axial and
torsional stresses are obtained from Yoo.2! Because the cur-
rent formulation is based on a laminae summation pro-
cedure, additional functions for the bending displacements,
u, and v, and the transverse shear stresses, 7,, and 7,,, have
been added. The totality of functions presented.in Egs.
(1-10) represents the assumed solutions for composite,
shallow-curved stiffened panels.
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The linear membrane-displacement functions used in Ref.
21 are adopted for the present analysis. The underlying
reason for this choice of functions is that the variational pro-
cess becomes independent of u and v,; the former because
the unit end shortening e is a prescribed quantity and
possesses no variation, and the latter because the arbitrary
state of stress admissible in the application of the Reissner
principle can be selected to render the variational process in-
dependent of v,.

The g, and g, terms in the lateral-displacement function
represent the buckling mode shapes of thin plates with either
simply supported or clamped unloaded edges, respectively.
The g, term is included to accommodate the curvature effect
in the initial postbuckling range of long curved plates; it is
eliminated in the case of the square curved-plate analysis
since the term then violates the geometric boundary condi-
tion of vanishing lateral displacement, w, at the loaded
edges. The g, term represents waveform changes due to ad-
vanced postbuckling. In the present analysis, p=1 and ¢g=3
for long plates along with p=3 and g=1 for square plates are
used since these combinations, along with the g, term, prove to
provie lower postbuckling strengths (or strain energies) for
given unit end-shortening values than any other combinations
of the p=1, 3 and g=1, 3 harmonics.

It is to be noted that in the establishment of linear-elastic
approximate solutions of the von Karman-Donnell curved
plate equations, the usual procedure is to satisfy the mem-
brane equilibrium equations through the introduction of an
Airy-type stress function and establish the membrane-stress
distributions as a function of the assumed lateral-displace-
ment waveform using the condition of compatibility. Ap-
proximate satisfaction of the remaining equilibrium equa-
tions is then obtained from application of the potential
energy principle. In the present nonlinear-elastic study,
which is founded upon use of the von Karman-Donnell plate
theory extended to include transverse shear effects and the
Reissner variational principle, the membrane equilibrium
equations are normally satisfied approximately in the varia-
tional process. Here, however, no free parameters relating to
membrane displacements have been permitted to appear in
the variational equation, thus requiring that the membrane
equilibrium equations be satisfied externally. This procedure
is justified on the basis that the constitutive relations are be-
ing satisfied along with the lateral equilibrium  equation
through the variation of both arbitrary-displacement and
stress states; thus, no significant penalty accrues by making
the variational process independent of arbitrary membrane
displacement parameters as long as the assumed stress
distrbutions are sufficiently general in character relative to
the assumed displacement distributions.

In the assumed membrane displacement distribution func-
tions, Eqs. (1-3), the requirement that a flat or shallow-
curved square plate have zero shear stress on the loaded ends
leads to the specification of a=0.

The bending and twisting stress distributions are selected
in the form of the curvatures generated by the assumed
lateral-displacement function, w, with free parameters in-
troduced to establish bending stress magnitudes. For square
plates, A5, and h,,, are taken to be zero.

The bending displacement terms of Egs. (1-3) and the
transverse shear-stress terms of Egs. (7) and (8) are chosen to
be compatible with the out-of-plane displacement, w; this is
consistent with the laminae summation model of the present
theory. These additional terms, not present in Yoo’s iso-
tropic plate model, are required to effect a properly coupled
laminated composite model.

Results and Discussion
Linear-Elastic Buckling and Postbuckling of Isotropic Plates

To place the present study of elastic buckling and elasto-
plastic postbuckling of uniaxially compressed, composite
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shallow-curved plates with unloaded edges rotationally
restrained by stiffeners in proper perspective, the work of
Yoo?!' on edge-stiffened conventional plates, a special case of
the analysis herein, is reviewed. Thus, it is appropriate first
to reduce the present model to the special case (isotropic prop-
erties and transverse shear effects neglected) and compare
results to those obtained for both flat and shallow-curved
isotropic plates by Yoo and preceding investigators.

Long Plates

In Fig. 2, uniaxial compression buckling loads, normalized
with respect to the buckling load of the corresponding simply
supported flat plate, are shown as a function of the cur-
vature parameter Z for several values of the torsional-stiff-
ness parameter G,J,/Db associated with the edge stiffening.
The lowermost solid curve (Z=0) represents the solution
first obtained by Leggett*? for long, simply supported plates
with unloaded edges held straight in the x-y plane. It is
reproduced exactly by the initial buckling solution of the
present special-case analysis, which serves to further con-

verge some of the numerical results of Yoo.2! The earlier -

solutions by Timoshenko? for plates with unloaded edges
free to distort in the tangent plane are shown by the dashed
curve. The uppermost curve represents an edge-stiffened
plate with stiffener torsional rigidity essentially equivalent to
full clamping, since it is indistinguishable from the results
obtained originally by Leggett for fully clamped edges. The
intermediate solid curve represents torsional restraint of a
magnitude associated with practically proportioned stiffen-
ing. Yoo?' has shown that the transition from essentially
pinned edges to essentially fully clamped edges takes place in
the range 0.1<G.J,/Db<10. No previous solutions are
known to exist for this case of finite torsional restraint and
unloaded edges constrained to remain straight. Stowell*
(curved plates) and Wittrick and Bodley* (flat plates) have
presented solutions in this range for torsionally restrained
plates with unloaded edges free to distort in the plane. As
shown by Yoo, Stowell’s results for the weaker membrane-
displacement boundary conditions fall as much as 20%
below those of the straight-edged plate, whereas Wittrick
and Bodley’s results are reproduced almost exactly. For flat
isotropic plates, with transverse shear effects neglected,
buckling loads are independent of membrane displacements
in general. It is shown also by Yoo that although increases in
curvature and torsional restraint lead to increases in the
buckling load ratio N/N,, they act more and more to
equalize buckle aspect ratio L/mb in the vicinity of 0.5 as
the shallow-curved plate upper limit of Z= 12 is approached.

In Figs. 3 and 4, postbuckling results produced by the pres-
ent analysis, for which Yoo’s work represents a special case,
are shown for shallow-curved plates with Z=0, 5, and 10,
G,J,/Db=0 (essentially simply supported) and G,J./Db
=10* (essentially clamped), 4,/bt=0.5, and b/t=60. The
initial postbuckling slope for Z=0, G,J,/Db=0 is 0.5, as it
should be for the simply supported flat plate with straight
unloaded edges.** Pope* has studied the postbuckling of
shallow-curved plates with straight, unloaded edges and
either vanishing or infinite torsional restraint; however, in
each of these extreme cases, only the load-shortening curve
for the flat-plate case is shown since it provides the lower-
bound approach by Pope’s curved-plate results. Beyond the
early postbuckling range, Pope’s results become increasingly
more unconservative due to the constraining assumption that
the buckle waveform at initial buckling persists throughout
the postbuckling range, thereby precluding appropriate
redistribution of stresses.

Square Plates

Unlike flat isotropic plates of square planform, which
possess a unique linear-elastic postbuckling behavior, cor-
responding shallow-curved plates evidence two possible post-
buckling branches beyond initial buckling—one representing
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Fig. 5 Load-shortening curves of simply supported square shallow-
curved plates.

buckling inward and the other buckling outward. The effect
on the buckling-load parameter N/N,, as a function of end-
shortening ratio e/e., is shown in Fig. S for Z=0, 5, and 10.
Here an obvious computational discrepancy appears between
the results of Yoo?' and those of the current analysis, the
basic equations and trial functions of which, specialized ap-
propriately to the isotropic medium, reproduce those appear-
ing in Ref. 21. The discrepancy is limited basically to the
case of outward buckling, a phenomenon which, in the
absence of initial imperfections, is unlikely to occur based on
energy considerations: the discrepancy becomes prominent
(about 10% maximum, for the range shown) only for the
Z—10 plates. It has been observed that more rapid con-
vergence of solutions occurs for square plates with inward
buckles; thus, Yoo’s postbuckling curves for shallow-curved
plates deforming in the outward mode must be deemed not
quite converged. In view of the 28 nonlinear equations being
solved simultaneously in the isotropic case, the judgment ap-
pears reasonable.

For square, shallow-curved plates with unloaded edges
held straight during the buckling and postbuckling process,
Levy?* has presented results restricted to the inward defor-
mation mode for Z=0, 5, and 10. As shown by Yoo,?! ex-
cellent agreement is obtained in the range O<e/e, <3, ex-
cept for a growing discrepancy in the Z= 10 case commenc-
ing at an end-shortening parameter ratio of about 1.4. In the
present study this discrepancy has been removed. It is to be
noted that Levy introduces six combinations of biaxial har-
monics to describe the postbuckling waveform; in Ref. 21, as
well as in the present analysis, only two combinations are
used for isotropic square plates since stresses are taken in-
dependently when using Reissner’s variational principle.
Volmir,*® Tamate and Sekine,* and Hsueh and Chajes™
have investigated the postbuckling of shallow-curved square
plates with unloaded edges not constrained to remain
straight. The latter two studies yield results reflecting lower
postbuckling strengths, whereas Volmir’s results, because of
greater and more influential constraint placed on membrane
displacements at the plate corners, yield greater postbuckling
strengths than those given by either Yoo or the present
analysis.
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Fig. 6 Elastoplastic load-shortening curves of long, simply-
supported 2024-T3 aluminum shallow-curved plates.
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Fig. 7 Elastoplastic load-shortening curves of long, essentially
clamped 2024-T3 aluminum shallow-curved plates.

Nonlinear Elastic Postbuckling
and Crippling of Isotropic Plates

For the special case of isotropic properties, the present
analysis has been used to develop elastoplastic load-
shortening curves, Figs. 6 and 7, for the shallow-curved plate
parameters specified in Figs. 3 and 4 and the 2024-T3
material stress-strain curve appearing in Fig. 8. The results
are given in replots of Figs. 3 and 4 to illustrate the signifi-
cant difference in behavior predicted by nonlinear-elastic as
opposed to linear-elastic plate theory and analysis. Most im-
portant is the fact that linear-elastic analysis, no matter the
degree of accuracy of the trial functions assumed in the solu-
tion procedure, cannot predict a crippling (maximum) load.
In both figures, the load maxima of the current solutions are
clearly evident. Such maxima have been obtained first by
Mayers and Nelson? in achieving close correlation with ex-
perimental results reported by Stein’' on crippling of a
2024-T3 flat aluminum plate with unloaded edges carefully
constrained to remain straight; in the work of Yoo?' on
shallow-curved plates, Mayers and Nelson’s results are closely
reproduced for the limiting case Z=0 and G,J,/Db=0. A
review of Fig. 2 suggests that increasing the rise of a curved
plate and the torsional rigidity of the edge stiffeners simply
to raise the initial or bifurcation buckling load cannot be
expected to produce comparable increases in the crippling
load. That is, increases in Z imply greater imperfection sen-
sitivity and, hence, nonbifurcation buckling at reduced load
levels; increases in the degree of torsional restraint lead to
greater average loads (or stresses) during postbuckling and,
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as a result, greater penalties for nonlinear material effects
(see Ref. 27). In any event, except in the vicinity of buckling,
there is little to distinguish crippling loads of shallow-curved
plates with either vanishing or essentially unbounded tor-
sional restraint from the crippling loads of the corresponding
flat plates. This relationship between shallow-curved and flat
plates was noted first by Levy.” In other words, the effect
of curvature is manifested only in the region of bifurcation
buckling; the curvature effect would be further diminished
when, in the presence of initial imperfections, nonbifurca-
tion buckling occurs.

With load-shortening curves predictable through crippling,
accurate estimates of plate effective-width for both stiffened
and unstiffened plates are readily obtainable. Extensive
treatment of effective-width prediction and comparison with
a myriad of existing effective-width formulas for square and
rectangular, flat and shallow-curved isotropic plates,
developed over a period of some 50 years on the basis of
linear-elastic theory by von Karmdn et al.,” Koiter,* Levy,*
and others, are presented by Yo0o.2! The study demonstrates
clearly that rigorously speaking, only the results of a non-
linear-elastic plate postbuckling analysis can be valid for
predicting effective width and crippling as well as correlating
theory and analysis with observation. Effective width, which
is generally defined as the ratio b/b,=N,,/Et=0,,/E in
linear-clastic analysis, must be obtained as o0,,/0., in
analyses wherein nonlinearity of the relationship between
stresses and strains cannot be discounted. In addition, Yoo’s
results for stiffened plates validate Gerard’s!® semi-empirical
design curve parameters for stiffened plates and explain the
major reason for the +10% scatter in Gerard’s correlation
with a myriad of experiments.

To illustrate the accuracy of theoretical prediction vs ex-
periments in the case of conventional plates, the present
model is reduced to the special-case model of Yoo?' and
load-shortening curves are obtained for the 2024-T3
aluminum material stress-strain curve of Fig. 8 and plate
geometric parameters shown in Fig. 9. The experimental
load-shortening curves, corresponding to the specific addi-
tional stress-strain curves in Fig. 9, are taken from Botman
and Besseling.?® The experimental fixture has been designed
to provide unloaded-edge boundary conditions in closely cor-
responding to straight unloaded edges, the condition
specified in the analysis. The discrete points are the results of
numerical solution and indicate that both postbuckling stiff-
ness during loading and average load (or stress) at crippling
can be accurately predicted. The plate effective width at any
point up to crippling is the ratio of the average load (or
stress) to the average load (stress) the plate would carry if it
were to remain linear-elastic and unbuckled. Both effective
width and postbuckling stiffness (reduced effective width)
during loading are increasingly underestimated by linear-
elastic analyses.

Buckling, Postbuckling, and
Crippling of Composite Plates

The present nonlinear-elastic postbuckling analysis, which
either reproduces or improves the stiffened and unstiffened,
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Fig. 8 Stress-strain curve for 2024-T3 aluminum.
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flat and shallow-curved isotropic plate results of Yoo?' and
the unstiffened, flat composite plate results of Arnold and
Mayers?? is used to develop load-shortening curves (N/N,, vs
e/e.) for both a stiffened and an unstiffened shallow-curved
plate of a typical composite material. The results are shown
in Figs. 10 and 11 for plates of A-S/3501-5 graphite-epoxy
arranged in a (£45°/0/90)g layup. As in the case of conven-
tional plates, the marked difference in linear-elastic vs non-
linear-elastic material behavior is evident. The parameters of
the stiffened plate have been selected to represent a shallow-
curved plate corresponding to a specimen proposed for
testing.

It is remarked first that the buckling loads include
transverse shear effects and the predicted crippling loads are
based on application of the maximum-strain failure criterion
justified in the study by Arnold and Mayers® through cor-
relation of theoretical analysis prediction with the experi-
mental results of Spier*>?¥” for rectangular flat plates repre-
senting seven different layups of graphite-epoxy material.
However, an experimental crippling load in the fiber-failure
sense does appear in the literature for a shallow-curved plate.
Thus, at this time, it is not possible to compare the present
analysis crippling-load prediction to experiment. But, as il-
lustrated earlier and attributable to Levy,¥ the postbuckling
curve for a shallow-curved plate approaches that of the
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Fig. 9 Comparison of theory and experiment for crippling of simply
supported flat plates in compression.
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Fig. 10 Elastoplastic load-shortening curves for a typical composite
stiffened plate with simply supported boundary conditions on un-
loaded edges.
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Fig. 11 Elastoplastic load-shortening curves for a typical composite

stiffened plate with essentially clamped boundary conditions on
unloaded edges.
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Fig. 12 Comparison of predicted and experimentally determined
load-shortening curves for a stiffened panel in compression.

equivalent flat plate beyond the initial buckling region.
Thus, based on the extremely high degree of success achieved
by Arnold and Mayers in predicting crippling in composite
flat-plate experiments, it would appear that the same trend
and degree of accuracy in predicting fiber failure in the
curved plate should apply. It is safe to conclude, then, that
Figs. 10 and 11 provide the crippling (maximum) strengths of
the given shallow-curved composite plates.

Stiffened composite plates with bonded stiffeners are sub-
ject to premature failure when bond integrity between plate
and stiffener is lost. Test results exist for stiffened flat plates
which reflect this failure mode.’! The application of a dis-
bond criterion developed by Arnold*? and based on the pres-
ent theory leads to the comparison of the experimental and
predicted disbond-load levels shown on the load-shortening
curves presented in Fig. 12. The agreement obtained can be
considered a reliable indicator of the validity of the disbond
criterion and stiffener model based upon the results to
become available in Ref. 52. It is important to note that
prevention of the disbonding phenomenon would lead to an
increase in failure load of 25% or more in each of the four
cases.

Concluding Remarks

Theory and analysis procedure applicable to buckling,
postbuckling, and crippling in uniaxial compression of

J. AIRCRAFT

materially nonlinear, shallow-curved, laminated composite
plates with edge stiffeners have been presented. The struc-
tural mechanics model developed represents extensions of
earlier work on both flat and shallow-curved conventional
plates with edge stiffeners and unstiffened flat composite
plates. Although the carlier studies have achieved validity on
the basis of close correlation of theory/analysis predictions
with available experimental results, the dearth of test data on
shallow-curved composite plates possessing sturdy but tor-
sionally flexible stiffeners along plate unloaded edges
prevents direct assessment of the accuracy of the results of
the latest investigation. Nevertheless, since it is known that
once buckling has occurred in both stiffened and unstiffened
shallow-curved plates, the load-shortening curves approach
closely the load-shortening curves of the corresponding flat
plates. Pending the generation of appropriate test data, the
crippling loads of curved composite plates can be predicted
accurately by using results obtained for composite flat-plate
counterparts.

Finally, although only uniaxial compression of shallow-
curved composite plates has been treated, additional load
cases such as shear and combined shear and compression are
readily tractable to solution simply by introducing ap-
propriate trial functions; the structural mechanics theoretical
model and the solution technique remain unchanged. In
general, then, the theory and analysis procedure provide a
tool for the design process. In this respect, the costly and
time-consuming effort inherent in the design and test of
complex structures/materials combinations, specificially ar-
bitrarily angle-plied and stacked composite plates, with
characteristics consistent with the basic assumptions, can be
reduced to a computational exercise, with a requirement to
test only a very limited number of specimens for verification.

Appendix: Stiffener Theoretical Formulation

In addition to the theory and equations previously pro-
vided in Ref. 23, the following is required to complete the
stiffened-panel formulation.

Strain-Displacement Equations

For the stiffener, the extensional and torsional strain-
displacement relations are, respectively,

duy, 1<aw>2
o =t — | — Al
Con dx 2\ dx A
_@w A2)
’Ysk—paxay

where p is the distance from the plate middle surface to a
point in the stiffener cross section; the origin of p is a point
lying in a plane perpendicular to the plate middle surface
and containing the plate-stiffener juncture line. ‘

Constitutive Relations
The material model for the stiffener is defined as a

“lumped” mass possessing a specified overall behavior
which is presumably known from experimental testing. Thus,

_5 95 ) " A3
=—+K (..._.) (A3)
ES Es S(7 ES
Tg Tg \ s
=—2 4K ( ) r A4
V=5 MK\ (A4)

E, is the axial elastic modulus of the stiffener, and K , n, ,
K, , and ng —are Ramberg-Osgood parameters for the
stiffener.
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Modified Reissner Functional
The energy associated with the stiffeners is given by

F/=F} +F! (AS)
where

Fl= SV (0,6, —F} )dV (A6)
and

Fr={ (o-Fav (A7)

are the contributions from axial and torsional stresses,
respectively. The stress-energy-density functions are

1 o2 K 1\ V2
Fl=— S 4 "% (_) 7 (e,) st A8
“~2 E, (n,+D \E, (&) (A8)
1 72 K 1 \n
Fr = s . ( ) 700y (s + /2 A
"2 G, (n, +D\G, (7s) (A9)

Thus, the total energy associated with the stiffener [Eq.
(AS5)] is added to that of the plate [Eq. (8) of Ref. 23.]
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